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We assess the effects of a collision between two vacuum bubbles in the thin-wall limit. After
describing the outcome of a generic collision possessing the expected hyperbolic symmetry, we focus
on collisions experienced by a bubble containing positive vacuum energy, which could in principle
contain our observable universe. We provide criteria governing whether the post-collision domain
wall accelerates towards or away from this “observation” bubble, and discuss the implications for
observers located at various positions inside of the bubble. Then, we identify the class of solutions
which have minimal impact on the interior of the observation bubble, and derive a simple formula
for the energy density of a shell of radiation emitted from such a collision. In the context of a
universe undergoing false vacuum eternal inflation, these solutions are perhaps the most promising
candidates for collisions that could exist within our past light cone, and therefore in principle be
observable.
I. INTRODUCTION
Eternal inflation, once widely regarded as an extrav-
agant curiosity (except by most of inflation’s pioneers!)
has become increasingly central in cosmology. Observa-
tionally, evidence for both present-time accelerated cos-
mic expansion and for early inflation suggest (at least)
two epochs of vacuum-energy domination. Theoretically,
many theories of particle physics beyond the standard
model seeking to account for these vacuum energies lead
to metastable vacua in the potential energy of a scalar
field. This feature (as well as local maxima or nearly-
flat regions of the potential) can drive eternal inflation,
by which local regions with potentially diverse proper-
ties (“pocket universes”) are produced from a de Sitter
(dS)-like background inflating spacetime that admits a
foliation in which inflation is future-eternal. (For recent
reviews, see, e.g., [1, 2, 3, 4]).
Because an (undisturbed) pocket universe is separated
from the inflating background by an infinite spacelike re-
heating surface, it is generally assumed that other sup-
posed pocket universes could have no observational im-
pact on ours. Coupled with the tendency of inflation to
erase information about prior epochs, this has led to a
widespread belief that eternal inflation has no directly1
observable signatures.
This, however, may be overly pessimistic. Let us con-
sider models of “false vacuum” eternal inflation (FVEI),
driven by sufficiently long-lived metastable vacua. In
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1 If the observed properties of our universe are determined by the
statistical distribution of properties across the multiverse along
with selection effects or other required conditions, there may be
hints of this fact in the values of, or correlations between, those
observables; see e.g.[5, 6] for discussion.
these models, tunneling out of the metastable mini-
mum is assumed to proceed via the Coleman-de Luc-
cia (CDL) instanton [7]2. The spacetime described
by the Lorentzian instanton possesses O(3,1) invari-
ance and contains regions identifiable with an infinite
open Friedmann-Lemaitre-Robertson-Walker (FLRW)
universe [7]. Such models, which go by the name of
“open inflation”, have been well-explored in the litera-
ture (e.g., [12, 13, 14, 15, 16, 17, 18]), and with an appro-
priate (though not necessarily “natural”) choice of scalar
potential can be completely consistent with the variety of
precision cosmological observables to which we presently
have access.
What observational signatures might such models
have? If we assume a short epoch of inflation within
the bubble (for which there may be theoretical bias [19]),
then open inflation has several signatures observable in
the CMB, including negative cosmological curvature and
wall fluctuations that propagate into the bubble (see,
e.g., [17, 20]). However, even if open inflation could only
arise via decay from a false vacuum (and this is question-
able: see [21]), this would only provide circumstantial
evidence for eternal inflation and other pocket universes.
In an effort to do better, inspired by the work of
Ref. [22], we discussed in a previous publication [23]
(hereafter AJS) a possible direct signature of eternal in-
flation: the effect of collisions between bubble universes.
This study computed the probability and angular size
of bubble collisions in an observer’s past lightcone, in
the limit where a collision has no effect on the interior
2 Depending on the details of the potential landscape, the transi-
tion can be mediated by a number of other mechanisms [8, 9, 10],
but if the CDL instanton exists, it is the most probable. Whether
the existence of the CDL instanton is common is a difficult issue
requiring a measure over both inflationary transitions [11] and
over potential shapes.
2of the “observation bubble” (which would contain our
observable universe). While observable collisions would
be generic for nucleation rates Λ (per unit 4-volume)
of order H−4F (barely satisfying the criterion for eter-
nal inflation), in the more expected case of exponentially
suppressed rates, the study indicated that there are two
classes of collision events that might nonetheless be seen
with high probability. “Late time” events (which typi-
cally enter the observer’s past light cone at cosmological
times τ ≫ H−1F ) would be isotropically distributed, and
would affect a small or negligible solid angle on the sky.
(However, the total number of such events depends much
more sensitively on the assumed cosmology inside of the
bubble than assumed in AJS, a point which we clear up in
Appendix C). The second class, “early time” collisions,
are strongly anisotropic (in agreement with the analysis
of [22]), cover the entire sky, and and are seen by essen-
tially all observers independent of the cosmology inside
of the bubble.
While encouraging for the prospect of observing other
bubble universes, this study did not address the detailed
effects of collisions on the interior of the observation bub-
ble, so key questions remain open. To what extent are
the assumed symmetries of the open FLRW universe in-
side of the bubble preserved in the presence of collisions?
Could we live to the future of a collision event, and could
its effects be observed not just in principle but in prac-
tice? What would those effects look like in the CMB,
21cm radiation, or other observables? In this paper, as
a step towards answering these questions, we analyze ex-
act solutions forming a simplified model of the collision
between two bubbles.3
From the SO(3,1) symmetry of a single bubble,4 an
SO(2,1) symmetry remains in the collision of two bub-
bles. This places strong constraints on the post-collision
spacetime via a version of Birkhoff’s theorem that al-
lows one to write down the set of all metrics with this
symmetry. Following previous work [25, 26, 27, 28, 29,
30, 31, 32, 33], we model the post-collision spacetime by
considering thin-wall junctions between such metrics. If
the phase in each of the colliding bubbles is different, a
domain wall must form separating the bubble interiors.
Energy and momentum conservation at the collision dic-
tate that there must be other energy sinks as well, which
we model as shells of radiation emanating from the col-
lision event. If the phases are the same, then radiation
must be emitted from the collision, but no domain wall
3 Near the end of this work’s preparation, the manuscript [24] ap-
peared, which also solves essentially the same thin-wall bubble
collision problem of Sec. IV below.
4 The instanton describing bubble nucleation has O(4) symme-
try and can be continued into an O(3,1)-symmetric Lorentzian
instanton describing a time-symmetric bubble. An actual bub-
ble nucleated within a background spacetime will not have this
symmetry (as the matching surface breaks it), but the region of
interest, after the nucleation and largely within the event’s future
lightcone, can be considered as SO(3,1)-symmetric.
need form.
As emphasized in AJS, if there are any collision types
for which the post-collision bubble interior is compatible
with standard cosmological evolution and admits infinite
spacelike slices of nearly-homogeneous density, then in-
dependent of nucleation rate, all but a measure zero of
observers will have an “early time” collision to their past.
It is therefore important to identify those collision types
that will minimally disturb the interior of the observa-
tion bubble, taking into account the intrusion of a post-
collision domain wall, the backreaction of the collision on
the spacetime, and the intensity of the emitted radiation.
Thus a major goal of this study is to explicitly construct
solutions for the model collisions that can be regarded as
the most optimistic candidates for observable collisions.
In Sec. II, we introduce three reference frames in which
it will be important to understand the effects of bubble
collisions and their relation to the standard picture of
eternal inflation. We set up the collision between two
thin-wall bubbles with arbitrary characteristics (vacuum
energy and tension) in a background de Sitter space in
Sec. III, and then discuss the formalism necessary to
determine the form of the post-collision spacetime in
Sec. IV. Finally, in Sec. V, we identify the most promis-
ing candidates for observable bubble collisions and de-
rive a simple formula for determining the energy den-
sity of radiation emitted into the observation bubble and
conclude in Sec. VI. We also include three appendices:
Appendix A describes the general form of hyperbolic
vacuum spacetimes with a cosmological constant, Ap-
pendix B in which we analyze the frame-dependence of
the distribution of the dS-invariant separation between
colliding bubbles, and Appendix C where we analyze the
expected number of collisions for an arbitrary cosmology
inside of the bubble. We work in natural units unless
otherwise noted.
II. ETERNAL INFLATION, COLLISIONS, AND
SYMMETRIES
A. Open inflation and false-vacuum eternal
inflation
For detailed accounts of open inflationary bubbles and
the issue of collisions between them, we refer the reader to
AJS, which is very useful prior reading for this paper; for
a general and slightly more pedagogical recent account
of eternal inflation see [2].
Very briefly, in an inflation potential V (φ) with false
(higher) and true (lower) vacua, the false vacuum drives
exponential expansion leading to a dS-like background
spacetime described by metric
ds2 = −dt2 + e2HF t [dr2 + r2 dΩ22] , (1)
where dΩ2 = dθ2 + sin2 θdφ2, and where 0 ≤ r < ∞,
−∞ < t < ∞, 0 ≤ θ ≤ pi, and 0 ≤ φ ≤ 2pi. Within this
background, if the potential is of suitable form, bubbles
3nucleate as per the CDL instanton, so that within a null
cone emanating to the future of the nucleation event,
there is an open FLRW region with metric
ds2 = −dτ2 + a2(τ) [dξ2 + sinh2 ξ dΩ22] , (2)
where equal-τ surfaces are homogeneous spacelike hyper-
boloids and coincide with surfaces of constant φ. As τ
increases, the field φ evolves from the tunneled-to value,
through a (presumed) inflation phase, until reheating
and subsequent standard big-bang cosmological evolu-
tion. The background spacetime is never completely con-
verted into bubbles; rather, the remainder assumes in-
stead a steady-state form that is a fractal of dimension
< 3 [34].
B. Bubble collisions in flat space
In order to gain some intuition, let us analyze the col-
lision of two bubbles in a background Minkowski space.
Imagine that the nucleation centers of two identical bub-
bles are positioned at (x = ±b, y = 0, w = 0, t = 0). By
O(3,1) symmetry, the wall equation of motion for each
bubble is then
(x ± b)2 + y2 + w2 − t2 = R20 (3)
where R0 is the initial radius of the bubble. As the bub-
bles grow, they meet at x = 0, and the collision surface
traces out a hyperboloid y2 +w2 − t2 = (R20 − b2) in the
(x = 0, y, w, t) plane centered around (y = 0, w = 0).
If the bubbles form at different times, or meet at a po-
sition other than x = 0, the collision still traces out a
hyperboloid in the y − w plane, because a boost and a
translation can always bring us to the frame described
by Eq. 3. Therefore, it makes sense to take advantage
of the hyperbolic symmetry in the plane of the collision.
The coordinate transformation
t = z coshχ, x = x, (4)
y = z sinhχ cosφ, w = z sinhχ sinφ
makes the hyperbolic symmetry of the metric manifest:
ds2 = −dz2 + dx2 + z2dH22 , (5)
where dH22 = dχ
2+sinh2 χdφ2 is the metric of a spacelike
2-hyperboloid.
In this coordinate system, the intersection between the
colliding walls occurs at z = const. The coordinate patch
does not cover the entirety of Minkowski space, but only
w2 + y2 > t2 for all x (−∞ < x < ∞), as illustrated
in Fig. 1.5 If we neglect the backreaction of the fields
5 However, we can continue across z = 0 to a system where the
hyperboloids are timelike, and cover the entirety of Minkowski
space patch-wise.
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cz
χ
FIG. 1: The collision of two bubbles in Minkowski space with
nucleation centers located on the x−axis. The hyperbolic
coordinates Eq. 5 cover the portion of the spacetime above
the planes, and the collision surface, outlined by the thick red
line, is located at a constant hyperbolic position zc. Moving
along the constant z hyperboloids corresponds to increasing
χ in Eq. 5.
inside of the bubbles on the geometry, then this patch
covers a portion of the bubble interiors as well, fortu-
nately including the entire causal future of the collision
region. This simple example illustrates that there are
important symmetries we can take advantage of in the
collision spacetime: the task of determining the effects of
bubble collisions is a two-dimensional problem involving
x and z. Every further example we will study has this
symmetry, and we will be able to generalize the simple
picture of Fig. 1 to collisions occurring in and giving rise
to more complicated spacetimes.
C. Bubbles and their collisions in dS
As in Minkowski space, we can choose coordinates for
dS adapted to the symmetries of the problem, in which
the metric takes the form:
ds2 = −(1 +H2z2)−1dz2 + (1 +H2z2)dx2 + z2dH22 (6)
with 0 ≤ z <∞, 0 ≤ Hx ≤ pi, 0 ≤ χ <∞, and 0 ≤ φ ≤
2pi, which manifestly approaches the Minkowski form of
Eq. 5 as H → 0. Treating a collision between bubbles
in a fixed dS background would, using this metric, be
exactly analogous to the Minkowski case.
However, we wish to treat exact solutions that join
bubble interiors to each other and to the background
dS via domain walls. In doing so it is very instructive
to take an embedding-space picture. First, consider the
background dS space out of which the colliding bubbles
nucleate. The entire manifold is represented by the sur-
face of a hyperboloid H defined by ηµνXµXν = H−2
in the embedding Minkowski space with coordinates Xµ
4(µ = 0..4). Here, the O(4,1) symmetry of dS is mani-
fested as the Lorentz group in 5-D.
There are several useful coordinate systems on dS. Of
greatest use here will be the “flat foliation” with metric
given by Eq. 1, and the “closed foliation” with metric
ds2 =
1
H2 cos2 T
[−dT 2 + dη2 + sin2 η dΩ22] (7)
(where −pi/2 ≤ T ≤ pi/2, 0 ≤ η ≤ pi). The latter metric
is induced by coordinatizing the hyperboloid as:
X0 = H
−1 tanT (8)
Xi = H
−1 sin η
cosT
ωi, X4 = H
−1 cos η
cosT
,
with (ω1, ω2, ω3) = (cos θ, sin θ cosφ, sin θ sinφ).
To include a single bubble separated from this back-
ground by a thin domain wall, we can define the wall via
the intersection of H with an appropriate timelike plane.
(Note that this explicitly breaks O(4,1) down to O(3,1),
the expected symmetry of the one-bubble spacetime.)
For example, for a bubble nucleated about one pole at
the “throat” of dS (T = 0 and η = 0 in the closed folia-
tion), this plane is at constant X4, with 0 ≤ X4 ≤ H−1F .
Within the bubble lies a spacetime with metric
ds2 = ∓dτ2 + a2(τ)(dH23 )S,T (9)
This can be induced via the embedding
X0 = a(τ)g
S,T
0 (ξ), (10)
Xi = a(τ)g
S,T
1 (ξ)ωi, X4 = f(τ),
where gS,T0 (ξ) = (cosh ξ, sinh ξ), g
S,T
1 (ξ) =
(sinh ξ, cosh ξ), and f(τ) solves f ′2(τ) = a′2(τ) − 1.
Different values of X4 correspond to 3D hyperboloids
of constant field value in the Lorentzian CDL instan-
ton. Outside the null cone X4 = H
−1 these are time-
like (corresponding to the bottom signs and “T” super-
script), while inside the null cone (top signs and “S” su-
perscript) they are spacelike surfaces that correspond to
equal-time slices in the FLRW cosmology. Note that if
we set a(τ) = (H−1T sinhHT τ,H
−1
T coshHT τ), we recover
empty dS of radius H−1T in the “open foliation.”
Now let us contemplate two colliding bubbles. In the
embedding space, adding another bubble corresponds to
cutting H with an additional plane, across which a dif-
ferent embedded spacetime is matched. By cutting the
hyperboloid again, we have further reduced the symme-
try of the spacetime from O(3,1) to O(2,1). The triple
intersection of the two planes and H represents the col-
lision surface, and the embedding space picture in the
future light cone of the collision will in general not be
well defined (because one is not guaranteed an embed-
ding in n+ 1 dimensions [35]).
III. THE MODEL PROBLEM
A number of previous works have studied bubble colli-
sions; see, e.g., [24, 25, 26, 27, 28, 29, 30, 31, 32, 33]. Here
we investigate in detail a simplified model in which both
the bubbles and the collision region are pure vacuum, and
all regions are joined by thin walls. First, we specify the
vacuum solutions and their junctions. Second, we discuss
the embedding of these into the cosmological context, and
the different frames in which it is useful to analyze the
scenario. Then we specify initial conditions for the colli-
sion and enumerate the input parameters. The solution
to this model problem then occupies Sec. IV and V.
A. Exact solutions modeling the bubble collision
The simplified problem that we shall treat is one in
which:
1. The background space time is dS, with Hubble con-
stant HF .
2. The “observation” bubble is (prior to the collision)
either dS or Minkowski, with Hubble constant Ho,
and nucleates with proper radius Rio. It is joined
to the background by a thin domain wall of tension
ko (related to the energy-momentum tensor of the
wall as per ko = 4piGσo and Eq. 27 below).
3. The “collision” bubble is dS, AdS or Minkowski,
with Hubble constant HC
6, and nucleated with
proper radius RiC , joined to the background by a
wall of tension kC .
4. The post-collision region is a vacuum region with
SO(2,1) symmetry modeled as two vacuum regions
joined by a wall of tension koC . These regions have
Hubble parameters Ho and HC like the colliding
bubbles, but may also have mass parameters (de-
noted Mo and MC) which appear in the hyper-
bolic vacuum solutions reviewed in Appendix A.
As noted below (see also [25]), to conserved energy-
momentum in a general collision an extra “en-
ergy sink” is required. Inspired by numerical so-
lutions [27, 31] and physical considerations, we fol-
low [25, 26, 27, 29, 30, 31, 32] and model this as an
outgoing null shell of radiation that joins the post-
collision region to the pre-collision bubble interiors.
The energy density of this shell will, as we shall see,
be determined by the collision kinematics.
B. Reference frames
It will be helpful to define three classes of observers
and their associated reference frames.
6 Note that using our conventions, H2 = 0 for Minkowski and
H2 < 0 for AdS.
5−pi/2
pi/2
Steady−state frame
η = 0
T=
T=−pi/2
pi/2
η = 0
T=
T=−pi/2
Collision frameObservation frame
T=
T=
η = pi
pi/2
η = 0 η = pi η = pi
FIG. 2: The three frames described in Sec. III B as shown in a “conformal slice” of constant θ, φ. The observation bubble is
on the left, and the colliding bubble on the right. A hypothetical observer is denoted by the dot, and regions inside of the
observation bubble to the future of the collision event are shaded grey (we will determine the structure of the post-collision
spacetime in later sections). The initial value surface (along the (θ, φ) direction separating the nucleation centers) in the
background false vacuum is indicated by the solid blue line. In the limit where the interior of the observation bubble remains
undisturbed, the transformation between frames is accomplished by boosting in the embedding space, which moves points in
the background false vacuum as in Fig. 3. This brings the colliding bubbles to earlier times, and stretches the observation
bubble wall below T = 0.
• Steady-state frame This is the frame defined by
the steady state distribution of bubbles in the eter-
nally inflating false vacuum spacetime (e.g., [34, 36,
37]; note that this frame endures indefinitely af-
ter any boundary conditions surface as explicitly
shown by [22]). The observation bubble nucleates
at flat slicing t = 0 and the initial conditions surface
is located at flat slicing t→ −∞ (see [22] and AJS).
This frame is most useful for connecting bubbles to
the background eternally inflating spacetime.
• Observation frame This is the frame defined by
our assumed position inside of the observation bub-
ble. The observer is located at x = 0 in this frame
(which at large z corresponds to the center of the
bubble by convention), but the initial value sur-
face is distorted due to a relative boost between
this frame and the steady-state frame. This frame
is most useful for assessing what a given observer
would experience.
• Collision frame In this frame, both the observa-
tion bubble and a colliding bubble are nucleated at
global slicing T = 0. The initial value surface is
distorted, and the observer will generally not be lo-
cated at the origin of the observation bubble. This
frame is most useful for computing the results of a
bubble collision event.
For simplicity, and to set up the collision problem we
will solve later, we restrict this description to spacetimes
with only two bubbles as shown in Fig. 2, although these
frames are more generally well-defined. In each cell of
Fig. 2, the position of the observer, the initial value sur-
face, and the position of the colliding bubble are shown.
The shaded region inside of the observation bubble to the
future light cone of the collision indicates our present ig-
norance of the post-collision environment (which we will
remedy in later sections).
Outside of the collision region, transformations be-
tween the steady-state and collision frames can be de-
fined entirely in terms of the background dS, indepen-
dent of any detailed knowledge of how a collision will
affect the bubble interiors. Specifying the observation
frame is somewhat more complicated, and requires a de-
tailed knowledge of the bubble interior. In order to define
the observation frame, there must exist timelike trajec-
tories inside of the observation bubble that remain for all
times in the observation bubble (i.e., if the post-collision
domain wall enters the observation bubble and cuts off
timelike infinity, the observation frame is ill-defined). In
all three cases, specifying what occurs in the collision re-
gion under a “boost” transformation (that corresponds
to a translation along an equal-time surface in an un-
perturbed bubble) is difficult and we leave this for fu-
ture work. However, under the (unrealistic) assumption
that the observation bubble is unaffected by the collision,
the transformation between all three frames can be per-
formed explicitly using Lorentz transformations in the
embedding space; this will provide a qualitative under-
standing of how the three frames are related.
Let us consider this explicit transformation in a spe-
cific example where we choose a given direction for the
incoming bubble. In each of the frames, the observation
bubble wall is at a constant position X4 = X
wall
4 (inde-
pendent of X0). Boosting the embedding space in direc-
tions parallel to this plane does not affect the position of
the wall, but does non-trivially affect points inside and
outside the bubble. We fix the wall of the colliding bubble
to be defined by the intersection of the embedding space
hyperboloid with an appropriate timelike plane (depend-
ing upon the frame and the junction conditions) specified
by coordinates (X0, X1, X4). Placing our observer along
6the direction separating the two nucleation centers,7 we
can transform between the various frames by the boost:
X ′0 = γ (X0 − vX1) , (11)
X ′1 = γ (X1 − vX0) ,
X ′2,3,4 = X2,3,4.
where by convention, we start in the steady-state frame
(unprimed coordinates), and different boost parameters
v (with γ = (1 − v2)−1/2) are necessary to go to the
collision and observation frames. In the latter case, the
boost parameters γo = cosh ξo and vo = tanh ξo translate
an observer at ξo to the origin of the observation bubble,
while shifting the position of the colliding bubble. In the
former, we must transform the intersecting plane such
that it is independent of X0 (vertical in the embedding
space) or, equivalently, must take the global slicing time
of the nucleation center of the colliding bubble to zero.
The boost parameters are given in terms of the global-
slicing position (ηn, Tn) of the colliding bubble’s nucle-
ation center by γC =
sin ηn√
sin2 ηn−sin2 Tn
and vC =
sinTn
sin ηn
.
The observer in this frame is generally located at an open
slicing position ξ′o 6= 0. Shown in Fig. 3 are the orbits of
the boost in the background de Sitter space and inside
of the observation bubble. A positive boost parameter v
will move points in the indicated directions along these
orbits.
η = pi
−pi/2
pi/2
η = 0
T=
T=
FIG. 3: The action of the boost Eq. 11 on points in the space-
time, with arrows pointing along the flow of increasing boost
parameter v. A conformal slice with θ, φ fixed in the direction
joining the bubble nucleations is shown. The solid red line de-
notes the time-symmetric observation bubble wall. A boost
applied to a bubble nucleated at η = T = 0 (which is not
time-symmetric) pushes the wall along the time-symmetric
trajectory.
In Sec. V we will return to the problem of transforming
to and from the observation frame when the interior of
the observation bubble is affected by collisions, but for
7 For typical observers at large open slicing radii ξo, this is the di-
rection from which we expect most observable collisions to orig-
inate.
the analysis we now present, we will focus on the descrip-
tion of two-bubble collisions in the collision frame.
C. Before the collision
In the collision frame, the kinematical parameters nec-
essary to specify the initial conditions for a bubble col-
lision are the trajectories of the individual walls and the
distance between the nucleation centers. We will choose
a coordinate system in which the nucleation center of
the observation bubble is located at η = T = 0 and
the nucleation center of the colliding bubble is located
at (T = 0, η = ηC , θ = 0, φ = 0). The trajectory of
the observation bubble wall can be found by using the
condition that X4 is a constant along the wall, with the
exact position determined by solving the Israel junction
conditions (e.g., [38]) to give
X4 = H
−1
o (1−H2oRio
2
)1/2, (12)
with
Rio =
2ko
[(H2F +H
2
o + k
2
o)
2 − 4H2FH2o ]1/2
. (13)
We can see how the initial radius is related to the scalar
potential responsible for the CDL instanton as follows.
Consider a potential of the form V (φ) = µ4v(φ/M),
where we assume that there are only two relevant scales
in the potential: µ characterizing the energy scale of the
minima and barriers and M characterizing the width of
the potential barrier, with v(φ/M) consequently a func-
tion with amplitude of order unity and slowly varying
in φ/M . The tension of the bubble wall will be of order
σ ∼ µ2M and in the limit where the initial radius is small
(and therefore gravitational effects are small)
Ro ∼ M
µ2 [v(φF /M)− v(φT /M)] (14)
where the denominator is the dimensionless energy split-
ting between the true and false vacuum energy densities.
Expanding Eq. 13 in the limit (generally satisfied when
M ≪ 1) where the tension is small compared to the en-
ergy splitting between the interior and exterior Hubble
constants (k2o ≪ H2F − H2o ), we find this expression in
terms of the variables for the thin-wall matching
Rio ∼
2ko
[H2F −H2o ]
. (15)
From the relation between the closed slicing coordi-
nates and the embedding space coordinates, Eq. 8, we
see that the bubble wall is parametrized by
cos η = (1−H2oRio
2
)1/2 cosT. (16)
Similarly, the trajectory of the colliding bubble wall is
given by
cos(η − ηC) = −(1−H2CRiC
2
)1/2 cosT. (17)
7with RiC given by Eq. 13 with o→ C. The position and
time of the collision (Tcoll, ηcoll) is obtained by finding
the intersection between the curves Eq. 16 and Eq. 17.
We can also represent the bubble trajectories in terms
of the “hyperbolic foliation” of dS, specified by the em-
bedding
X0 = z coshχ (18)
X1 = H
−1
√
1 +H2z2 sinHx
X2 = z sinhχ cosφ
X3 = z sinhχ sinφ
X4 = H
−1
√
1 +H2z2 cosHx,
which induces the metric Eq. 6. Comparing Eq. 8 with
Eq. 18, we can relate the global slicing to the hyperbolic
slicing via
X1
X4
= tanHx = tan η cos θ, (19)
where when θ = 0, then η = Hx. We can also see that
the poles of the three-spheres of constant T correspond
to Hx = 0, pi (this is of course also true at any θ). Again,
comparing Eq. 8 with Eq. 18, we obtain for z:
z = H−1
[
sin2 η cos2 θ + cos2 η
cos2 T
− 1
]1/2
. (20)
If θ = 0, then we have z = H−1 tanT , which is also the
value of T at the poles for all θ. The radius of the collision
surface is therefore given in the hyperbolic coordinates by
zc = H
−1
F tanTcoll, (21)
where Tcoll is in turn a function of the separation of the
nucleation centers, ηC .
Enumerating the parameters relevant for the kinemat-
ics, we have (Ho, HC , HF , ko, kC) which are determined
by the properties of the underlying potential landscape
that is driving eternal inflation, and ηC (or equivalently
zc), which will vary from collision to collision. How-
ever, all values of ηC are not equally likely. In Ap-
pendix B we calculate the probability distribution of this
variable, finding that for “late time” collisions, it peaks
near ηC = cos
−1(2/3) (although the exact position of the
peak is dependent on the assumed cosmology inside of the
bubble discussed in Appendix C), while for “early time”
collisions at a typical position, it peaks at ηC = pi/2. In
neither case is the distribution narrow, but in both cases
it falls to zero as ηC → pi (for late-time collisions, not all
values of ηc are always possible, and so the distribution
falls to zero much faster), which is the only regime where
our results are sensitive to ηC .
IV. THE POST-COLLISION SPACETIME
Assuming that the domain wall is thin, and that the
vacuum energy on either side remains constant, then the
model post-collision spacetime will consist of 5 separate
regions of spacetime, each of which can be described
by the general metrics discussed in Appendix A, sewn
smoothly (in the sense that the metric is continuous) to-
gether. A particular example of this is shown in Fig. 4,
which depicts the collision between two de Sitter bubbles.
To the future of the collision, the metric is Hyperbolic
Schwartzschild-de Sitter (HSdS), with a potentially dif-
ferent mass parameter on either side of the post-collision
domain wall. The Israel junction conditions specify the
procedure for matching across each of the null or timelike
thin shells, and we must also be sure that all of the five
regions are matched consistently across the collision sur-
face (which is equivalent to requiring energy momentum
conservation [39]).
In this section, we present the formalism necessary for
performing these procedures in general.
A. Timelike domain walls
Here, we derive the junction conditions across a thin
timelike domain wall of surface tension σoC in a space-
time possessing hyperbolic symmetry. The metric on ei-
ther side of the wall is of the form:
ds2o,C = −ao,C(z)−1dz2 + ao,C(z)dx2 + z2dH22 (22)
where for a general vacuum solution we have
ao,C = 1− 2Mo,C
z
+H2o,Cz
2, (23)
and the subscripts o, C specify the metric on the side of
the observation bubble and colliding bubble respectively.
The properties of such spacetimes are described in Ap-
pendix A.
The metric on the wall worldsheet is given by
ds23 = −dτ2 + z(τ)2dH22 , (24)
where τ is the proper time of an observer attached to the
wall. Henceforth, gµν (µ, ν = 0, 1, 2, 3) and γab (a, b =
0, 1, 2) will denote the spacetime and worldsheet metrics
respectively. The first junction condition requires that z
(the radius of the hyperboloid) matches across the wall; x
is in general discontinuous. We will specify the nucleation
center inside of the observation bubble to be at x = 0,
which is equivalent to centering the observation bubble
on the north pole of the background dS (see Eq. 19).
The normal to the domain wall between the two
colliding bubbles is found by requiring orthogonality
(gµνn
ν∂ax
µ = 0) and unit norm (nµnνgµν = 1), yielding
nz = x˙ (25)
nx = −z˙
where here and below the dot refers to a τ -derivative. To
eliminate the sign ambiguity in choosing τ , we fix
x˙ ≡ βo,C
ao,C
=
√
z˙2 − ao,C
ao,C
, (26)
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FIG. 4: The collision between two de Sitter bubbles displayed in the (x, z) plane on a pseudo-conformal diagram (pseudo
because not all of the points correspond to an H2). Lines of constant z and x are drawn: note that z is continuous across each
of the junctions, but x is discontinuous as required by the junction conditions. The post-collision domain wall is drawn as the
solid red line, and the null shells as dashed blue lines. The causal future of the collision (shaded on the diagram) is Hyperbolic
SdS, with a different mass parameter on each side of the post-collision domain wall.
where βo,C is defined as a function of z (as opposed to
z and z˙ as it is here) in Eq. 33 below. The non-zero
components of the energy momentum tensor for the wall
are assumed to be
Tab = −σoCδ(z − zwall)γab. (27)
Integrating Einstein’s equations across the wall yields
KaC b −Kao b = −koCδab , (28)
where koC = 4piσoC and Kab is the extrinsic curvature,
given by
Kab = −∂axµ∂bxνDνnµ, (29)
where D is the covariant derivative. The χχ compo-
nent of the extrinsic curvature (which is all we require
presently to find the equations of motion) yields
Kχχ = Γ
z
χχnz = zβ (30)
We finally obtain for the junction condition:
gχχ(KC χχ −Ko χχ) = 1
z2
(zβC − zβo) = −koC , (31)
or:
βo − βC = koCz. (32)
Squaring this, solving for βo,C , and using Eq. 26 gives:
βo,C =
aC − ao ± k2oCz2
2koCz
, (33)
where here and below the top sign refers to the “o” sub-
script and the bottom to the “C” subscript.
We can cast the junction conditions in an effective-
potential form (see for example [40]):
z˙2 + Veff(z) = 1, (34)
where (using Eqs. 23, 26, 33, and 34) Veff is given by:
Veff = − 1
z4
(Mo −MC)2
k2oC
(35)
+
1
z
(
H2o −H2C
)
(Mo −MC) + k2oC (Mo +MC)
k2oC
− z2 (H
2
C +H
2
o + k
2
oC)
2 − 4H2CH2o
4k2oC
.
If we denote by xo,C the x−coordinate of the wall’s tra-
jectory (where the subscript denotes which side of the
domain wall the trajectory is evaluated on), we can solve
formally for xo,C(z), giving:
xo,C =
∫ z
zc
dz
βo,C
ao,C(1− Veff)1/2
. (36)
This can be finite if there is a non-zero positive late time
vacuum energy inside of the bubble (or if the solution is
asymptotically timelike), even as z → ∞ (owing to the
finite range of x in Hyperbolic de Sitter – see Eq. 6).
Because of the causal structure of Hyperbolic de Sit-
ter, it is impossible for the collision region to encom-
pass all of future infinity inside of the bubble (the maxi-
mum range in x reflects this fact). Given the parameters
(Ho, HC , HF ,Mo,MC , ko, kC , koC), the only free param-
eter is the position zc of the collision, which is determined
by the kinematics through Eq. 21.
Returning to the effective potential Eq. 35, we see in
Fig. 5 that there are three possible types of trajectories
depending on the parameters of the potential: bound,
unbound, and monotonic. Only solutions for which z is
monotonically increasing will be relevant for bubble col-
lisions. Bound solutions must end with a singularity on
both sides of the domain wall (at z = 0, where Eq. 23
blows up), which will in some cases be timelike (see Ap-
pendix A). Unbound solutions that include a turning
9point must cross a killing horizon (z must go spacelike
in some region in order to go from decreasing to increas-
ing), and therefore the collision spacetime will include a
timelike singularity. These singularities are naked, and
their formation would render the Cauchy problem to the
future of the collision ill-defined. Fortunately, it is kine-
matically impossible to produce singularities in a colli-
sion [26, 31, 33] if the null energy condition is satisfied
throughout the spacetime [24, 25].
0.5 1.0 1.5 2.0 2.5 3.0 z
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FIG. 5: The effective potential Eq. 35 for a variety of pa-
rameters. The solid horizontal line at Veff = 1 denotes the
“energy” of the trajectory. Depending on the parameters in
the potential, (i.e. if Veff > 1 for some range of z), there will
be monotonic, bound and unbound trajectories in the pres-
ence of Veff . Only the monotonically increasing solutions are
physical.
The large-z behavior is independent of the choice of
mass parameters, and in this regime we obtain
z˙2 − c2z2 = 1 (37)
where c2 is the coefficient of the quadratic term in Eq. 35.
When this constant is nonzero, the solution is exponential
in τ , z ∝ exp (cτ), and elapsed proper time over the
full range of xo,C is finite (as can be seen by integrating
Eq. 26) implying that the domain wall reaches future null
infinity. If we allow for negative cosmological constants in
the observation and colliding bubbles, then it is possible
to have a tension for which c = 0, given by
k2crit = −(Ho −HC)2. (38)
For a real kcrit, both H
2
o and H
2
C must be negative, or
one must be zero and the other negative (recall that by
our conventions, H2 < 0 for AdS). The elapsed proper
time along these trajectories is always infinite, implying
that the domain wall reaches timelike future infinity, and
they correspond to the BPS solutions of Ref [25].
Another important feature of a trajectory is the sign
of x˙. This directly specifies the direction in which the
domain wall travels, i.e. towards or away from the inte-
rior of the observation bubble. Our conventions dictate
that when x˙ < 0, the domain wall is moving into the
observation bubble and when x˙ > 0 it is moving into the
colliding bubble. From Eq. 26, since we require z to be
timelike everywhere along the trajectory, the sign of β
(Eq. 33) will fix the sign of x˙. As z → ∞, the sign of
x˙ on either side of the junction is therefore determined
(via Eqs. 23, 26, and 33) by
lim
z→∞
x˙o,C > 0 : H
2
C −H2o ± k2oC > 0, (39)
lim
z→∞
x˙o,C < 0 : H
2
C −H2o ± k2oC < 0, (40)
where the positive sign is taken when interested in find-
ing asymptotics for xo and the negative sign is taken for
xC . In the case where x˙o,C > 0 the wall is moving into
the colliding bubble and in the case where x˙o,C < 0, it is
moving into the observation bubble. This is the asymp-
totic behavior, but when there is a real positive root of
βo,C = 0, there will be a sign change in βo,C = 0 located
at
zβo,c =
[
2(MC −Mo)
H2C −H2o ± k2oC
]1/3
, (41)
indicating that there is a turning point along the tra-
jectory x(z). In total, there are five qualitatively differ-
ent trajectories to consider, as shown in Fig. 6: those
that go to x → xmax (where in the example shown here
xmax =∞ since the bubble interior is asymptotically flat)
with or without a turning point, and trajectories which
make it to z →∞ only after an infinite proper time (the
critical solutions satisfying Eq. 38).
+x
−x
FIG. 6: A sketch of the possible asymptotic trajectories xo(z)
inside of an observation bubble with zero cosmological con-
stant. The shaded regions correspond to the possible regions
that are on the observation bubble side of the domain wall.
On the left, the asymptotic behavior of Eq. 40 is shown. In
this case, the domain wall can be asymptotically null with
(the solid blue line) or without (the dashed red line) a turn-
ing point, or timelike (the black dotted line). In the case
where the wall is asymptotically null, all of future timelike
infinity inside of the observation bubble is removed, and in
the case where it is timelike, only a portion is removed. On
the right, the asymptotic behavior Eq. 39 is shown. Again,
the domain wall can be asymptotically null with or without
a turning point, or timelike. In the case where the wall is
asymptotically null, all of future timelike infinity inside of the
observation bubble is preserved, and when it is timelike, only
a portion is preserved.
B. Null domain walls
To complete the problem, there are still two more junc-
tions to consider across null surfaces, corresponding to
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the shells of radiation emitted from the collision event.
Again, we require that the radii z of the hyperbolae
match across the junction. The null hypersurface can
be specified by the vector lµ tangent to the null geodesic
generators of the shell and a null vector nµ normalized
such that gµν l
µnν = −1. We choose a basis where in the
collision frame, the nonzero components of these vectors
are given by
lz = 1 , lx = a
−1
nz = a/2 , nx = −1/2 (42)
Assuming an energy momentum tensor of the form
Tµν = σlµlνδ(xwall), (43)
and integrating Einstein’s equations across the wall, the
junction condition is
k1 − k2 = 8piσ, (44)
where we have chosen a convention such that the surface
is moving from region 1 into region 2. Using Eq. 29 to
calculate the components of the extrinsic curvature and
tracing, this becomes
a2 − a1 = 8piσz. (45)
Since we assume that the cosmological constant remains
the same across the null surface, then the junction con-
dition will simply relate the mass parameters across the
shell to the surface tension
M1 −M2 = 4piσz2. (46)
From this relation, we see that the energy density falls
like z−2 as the shell propagates into the bubble. For
the model collision spacetime described in Sec. III A, the
mass parameter is non-zero only inside of the null shell,
making M2 = 0, and directly relating the energy density
in the shell to M1.
C. Energy Conservation at the junction
In this section we generalize the treatment of [39] to the
hyperbolic metrics under consideration in the collision
process (see also Ref. [25], whose conventions we follow).
The boost angle between the rest frames of two colliding
walls can be defined by
gµνU
µ
i U
ν
j = cosh±ξij (47)
where the angle is negative when one wall is incoming
(one of the initial state, pre-collision, walls) and the other
is outgoing (one of the final state, post-collision, walls)
and positive when both are incoming or outgoing, and
gµν is the metric in the spacetime between the colliding
walls. Performing a series of boosts between an arbitrary
number of domain walls, we should find that upon coming
back to the original frame, the total sum of the boost
angles is zero:
n∑
i
ξi i+1 = 0. (48)
This constraint can be written as energy or momentum
conservation as seen in a particular frame [39].
We will consider all domain walls to be timelike, and
then take a limit for null shells. The four velocity
of a timelike domain wall can be found by requiring
gµνU
µUν = −1 and gµνnµUν = 0 where nµ is the normal
constructed in Eq. 25, yielding:
Ux = ax˙, Uz = − z˙
a
. (49)
The boost angle can be decomposed as follows. Using
Eq. 49 in Eq. 47,
ξij = ± cosh−1
[
ax˙ix˙j − a−1z˙iz˙j
]
. (50)
where the boost angle is positive if walls i and j are both
incoming or outgoing, and the boost angle is negative
if one is incoming and the other outgoing. We now use
Eq. 26, where x˙i and x˙j could take opposite signs
ξij = ± cosh−1

±( z˙2i
a
− 1
)1/2( z˙2j
a
− 1
)1/2
+
z˙i
a1/2
z˙j
a1/2


= ±
[
cosh−1
(
z˙i
a1/2
)
± cosh−1
(
z˙j
a1/2
)
(51)
The overall sign is fixed as in Eq. 50, and the relative
sign of the terms in parentheses is positive when wall i
and wall j have the opposite sign of x˙ and negative when
both walls have the same sign of x˙.
Note that the boost between wall rest frames has been
decomposed into the sum of a boost from the rest frame of
one wall to the “rest frame” of the background spacetime
(i.e., the frame defined by constant positions in the static
coordinatization) and a boost from the rest frame of the
background to the rest frame of the second wall. Because
of this, the sum Eq. 48 can always be arranged as the sum
of boosts between background rest frames,
0 =
∑[
cosh−1
(
z˙i√
aα
)
− cosh−1
(
z˙i√
aδ
)]
, (52)
where the wall labeled i is entering region α from region
δ, and the sum is over all walls. We will sometimes find
it useful to write the individual terms in this sum as
cosh−1
[
z˙i√
aα
]
= sinh−1
[
βα
aα
]
(53)
where the sign information is encapsulated in β, and one
does not have to keep track of which wall is ingoing and
which is outgoing.
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The boost angle between two null shells, or a null and
a timelike shell, is formally infinite. However, we can
view it as the null-limit of the angle between timelike
shells, where the condition Eq. 48 is maintained. This
can be seen by noting how the boost angle in Eq. 51 has
been decomposed: a divergent boost angle is required
to go from one background rest frame to the null wall
rest frame, but a divergent boost angle of opposite sign
is required to go from the null wall rest frame to the
background frame on the other side of the wall. Using
the identity cosh−1 q = log(q+
√
q2 − 1), we can re-write
each term in Eq. 52 as
cosh−1
(
z˙i√
aα
)
− cosh−1
(
z˙i√
aδ
)
=
1
2
log
(
aδ
aα
)
+ log
(
z˙i +
√
z˙i − aα
z˙i +
√
z˙i − aδ
)
. (54)
The second term goes to zero in the limit of a null shell,
and we are left only with the (finite) logarithm of the
metric coefficients.8
V. IMPLICATIONS FOR BUBBLE-COLLISION
OBSERVATIONS
As mentioned in the Introduction and discussed at
length in AJS, for a bubble formed in a background
spacetime of Hubble constant HF , with other bubbles
(of the same or different type) with nucleation rates (per
unit 4-volume) λ, there are three regimes in which ob-
servers might expect to see collisions.
If λ ∼ H4F , then we are near the bound for bubble
percolation, and any observer has a reasonable chance of
seeing a collision, the angular scale (on an early constant-
time surface) of which could be appreciable. In gen-
eral, however, an exponentially suppressed nucleation
rate λ≪ H4F is expected 9. In this case there are still two
regimes where collisions can be likely. In “late time” col-
lisions, the observer’s past lightcone encompasses many
false-vacuum Hubble 4-volumes; but the effect is rather
8 An interesting limit of the sum Eq. 52 occurs when all of the
shells are null [33]: Y
α
aα =
Y
δ
aδ (55)
where the product is over an arbitrary number of the metric
coefficients in each term of the sum Eq. 52.
9 In the case where gravitational effects are subdominant, and the
thin-wall limit can be applied, the transition rate is set by λ =
Ae−B, where A is a pre-factor and the bounce action scales like
B ∝ σ4/(∆V )3 [41], with ∆V the difference in the potential at
the true and false minima. Significant fine-tuning of the potential
is necessary to arrange σ ∼ (∆V )3/4 (because these scales are
set by the properties of the barrier and the minima respectively)
and thus B ∼ 1. In the cases where gravity is important, the
semiclassical approximation used to derive the Euclidean action
breaks down before significant rates can be achieved.
sensitive to the assumed cosmology inside of the bubble,
as we discuss in Appendix C.10 Such bubbles have tiny
observed angular size and are isotropically distributed
over the sky. The second regime is that of “early time”
collisions which enter the past light cone of observers at
ξo >∼ λ−1H4F in the steady-state frame (where essentially
all observers will be) at very early times. Each collision of
this type covers nearly the full sky, and the distribution
of such collisions is anisotropic.
These conclusions relied on the approximation that the
interior of the observation bubble remains undisturbed.
However, these classes of observers and their associated
picture of the collision events, could still be well-defined
even after taking the effects of collisions on the interior
of the observation bubble into account. For example,
if λ ∼ H4F there may only be a modest boost between
the observation and collision frames. Therefore, we can
imagine the observer at the origin in the collision frame.
If the domain wall accelerates away from the observa-
tion bubble (as per the criterion given in Eq. 39), these
collisions stand a good chance of being (in the language
of AJS [AJS]) “compatible” or “perturbative” – i.e. ef-
fecting the relevant portion of the observation bubble to
a small or even perturbative degree, in a way that does
not preclude observers. The chances of a small effect are
even better if there are circumstances in which, addition-
ally, the domain wall does not have a turning point inside
the observation bubble, (constraining zc > zβo, with zβo
from Eq. 41).
Early time collisions are large on the sky, but are po-
tentially far more dangerous even for domain walls that
accelerate away from the observation bubble. This is be-
cause in the collision frame the observer is at ξo ≫ 1,
highly boosted with respect to the domain wall, radia-
tion shell, and metric perturbations in the post-collision
region. An interesting question, then, is whether there
are collision types that may be relatively benign even to
these observers. In this section, we focus on assessing
the detailed effects of the most mild types of collisions,
calculating the size of the mass parameter Mo, and the
degree to which the domain wall can be excluded from
the observation bubble.
A. Some like it mild
The post-collision spacetime is fully specified by the
set of parameters (Ho, HC , HF , ko, kC , koC , ηC ,Mo,MC).
We will assume that the Hubble constants and tensions
are fixed by the potential landscape, but might vary sig-
nificantly from collision to collision due to the variety of
10 The estimate made by AJS, which did not account for an infla-
tionary epoch inside of the bubble, is not appropriate for eval-
uating the expected number of collisions seen in our universe.
We present a revised estimate in Appendix C which is closer to
previous bounds [42].
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transitions that might exist. If ηC is fixed at its most
probable position (as derived in Appendix B), then en-
ergy conservation forces a relation between Mo and MC .
We will further assume that the initial radii of the obser-
vation and colliding bubbles are small compared to H−1F ,
which, from the discussion around Eq. 13 and Eq. 15,
corresponds to tensions
ko,C ≪
√
H2F −H2o,C . (56)
Although our construction is strictly valid only for bub-
bles inside of which the vacuum energy is held constant,
the observation bubble must contain an epoch of slow-
roll inflation and an epoch of late time acceleration (ie
a changing vacuum energy) in order to describe our uni-
verse.11 The inflationary Ho, which will be essentially
constant over some range of open slicing time during slow
roll, is most relevant for determining the evolution of the
collision types we are considering. If the post-collision
domain wall does not penetrate significantly into the ob-
servation bubble, the approximation of using the infla-
tionary Ho to determine its dynamics should be appro-
priate; even if it does, a lower effective Ho will only cause
the domain wall to accelerate away more quickly, so tak-
ing the inflationary value is conservative in this context.
Within these approximations, the kinematics will typ-
ically yield a value for z at the collision which is of order
zc ∼ H−1F (this can be seen from the right panel of Fig. 2
and Eq. 21, and is rather robust as long as the separa-
tion between the nucleation centers does not approach
ηC ∼ pi). Immediately, we obtain a constraint on the
possible mass parameters Mo,C <∼ HF since the collision
must occur at a value of zc outside of the horizon (or
a naked singularity is produced, a scenario that is not
possible as discussed in Sec. IVA). We can obtain a
more precise estimate of the mass parameters by explic-
itly solving the condition for energy conservation, Eq. 48,
which is given by
11 Note that for a viable model of open inflation, there must be
additional mass scales in the scalar potential on top of the two
discussed in Sec. III C; see, e.g. [14]
0 = cosh−1


√
1 + z2c/R
i
o
2√
1 +H2F z
2
c

− cosh−1


√
1 + z2c/R
i
o
2√
1 +H2oz
2
c

+ cosh−1


√
1 + z2c/R
i
C
2√
1 +H2F z
2
c

− cosh−1


√
1 + z2c/R
i
C
2√
1 +H2Cz
2
c


+ sinh−1

 βo√
1− 2Mozc +H2oz2c

− sinh−1

 βC√
1− 2MCzc +H2Cz2c

 (57)
+
1
2
log

 (1 +H2Cz2c )(1 +H2oz2c )(
1− 2MCzc +H2Cz2c
)(
1− 2Mozc +H2oz2c
)

 .
It is possible to express this as an algabraic relation be-
tween Mo and MC since the inverse hyperbolic functions
are simply related to logarithms, however this will in gen-
eral be an extremely complicated expression. Neverthe-
less, if the boost angles are all rather large (which is
consistent with the small-bubble limit of Eq. 56, as the
bubble walls will be close to null at the collision) and
koC is parametrically smaller than HF (which helps, via
Eq. 33, to guarantee the former condition), we can solve
for M0:
Mo ≃ (H
2
F −H2C)(1 +H2oz2c )
2(1 +H2F z
2
c )
z3c . (58)
There are corrections involving MC , but restricting our
attention to solutions that do not have a turning point
in x(z), MC lies in the range
0 ≤MC ≤Mo + z
3
c
2
(
H2C −H2o − k2oC
)
, (59)
over which the corrections are negligible. We have
checked the behavior of Eq. 58 against exact solutions to
Eq. 57 for a wide range of parameters consistent with our
approximations, and found excellent agreement. In this
regime, we therefore conclude that Mo is never zero and
will typically have a scale set by zc. Significant correc-
tions to Eq. 58 are introduced when koC or z
−1
c become
large compared to HF , since we can no longer neglect
many of the terms in Eq. 57. The energy density in the
null shell entering the observation bubble at the time of
the collision, using Eq. 46 with zc ∼ H−1F , will typically
be of order (replacing factors of mp) σ(zc) ∼ 0.1HFm2p.
An additional feature that would be desirable for de-
termining the extent to which a collision is perturbative
is how quickly the post-collision domain wall accelerates
away from the interior of the observation bubble. Asymp-
totically, the trajectory x(z) will be independent of the
mass parameters, and integrating Eq. 36 at large z we
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obtain:
xo(z) =
[
1 +
(
2HokoC
H2C −H2o + k2oC
)]−1/2
× H−1o tan−1(Ho[z − z0]) + x(z0). (60)
Because a null line in HdS is parametrized by x =
H−1o tan
−1[Ho(z − z0)] + x(z0), we see that the wall is
closest to being null when
1 +
2koC
Ho
−
(
koC
Ho
)2
≪
(
Hc
Ho
)2
, (61)
which can be arranged by having a hierarchy koC ≪
Ho ≪ HC . Studying the post-collision geometry more
carefully using numerical solutions (taking into account
the effect of the mass parameters in the vicinity of the
collision), it is even possible to adjust the parameters
such that the domain wall never enters the future light
cone of the observation bubble’s nucleation center. (This
depends on zc ∼ H−1F , but this is true unless ηc ≃ 0
or ηc ≃ pi, which is in turn unlikely, as discussed in
Sec. III C.)
B. Observer survival
Having assessed the effects of a collision on the interior
of the observation bubble, we return to the relationship
between the collision and observation frames. All col-
lision spacetimes having asymptotic behavior given by
Eq. 39 and no turning point contain timelike geodesics
that always remain inside of the observation bubble, and
so the observation frame is well-defined for observers fol-
lowing these. In a bubble interior unaffected by collisions,
observers located at various fixed ξo positions for all τo
can be defined via a congruence of timelike trajectories
boosted with respect to the collision frame and passing
through the nucleation center. The observers with larger
boost parameters are “further” from the origin defining
the observation frame, and this relationship is precise in
the case where the interior of the observation bubble can
be covered by an open FLRW patch.
Including the effects of collisions, such boosted trajec-
tories are still well-defined, but when the post-collision
domain wall enters the observation bubble, as shown in
Fig. 7, not all of them will reach future timelike infinity.
The early-time collisions of AJS exist only for observers
in this congruence which are extremely boosted with re-
spect to the Steady State frame, and generally greatly
boosted with respect to the collision frame as well. We
might therefore worry that there is no such set of ob-
servers in the presence of collisions.
What do our solutions say about this? In the case
where the domain wall enters the future lightcone of
the observation bubble nucleation center but accelerates
asymptotically away to intersect future null infinity (as
HS(dS)
HdS HdS
i’o
FIG. 7: The FLRW patch inside of an observation bubble
with zero asymptotic vacuum energy, after a collision. The
congruence of boosted trajectories passing through the nucle-
ation center can be used to define the radial position ξo of
various observers. In this example, the solid blue line shows
one such trajectory which intersects the post-collision domain
wall; trajectories with a larger boost will also intersect the do-
main wall. These are the trajectories that would have been
followed by observers who see early time collisions (early be-
cause of the time dilation due to the large boost). The space-
like solid blue line denotes a surface of constant density in the
unperturbed collision bubble. The red dotted line denotes a
hypothetical distortion of this constant density surfaces due
to the presence of the collision, in which the spacelike surface
is still infinite in extent, with a spacelike infinity at i′o in the
diagram.
depicted in Fig. 7), it seems reasonable to expect infi-
nite spacelike slices of constant field to exist in the col-
lision region. These will not be the same as the original
constant-field surfaces (and will be joined to those sur-
faces outside of the collision region by a region in which
the constant-field surfaces go timelike so that spacelike
slices must have field inhomogeneities there); but there
seems no reason to neglect the infinitely many observers
in this region, all of whom see the bubble collision.
Even better, however, is the class of solutions found
where the post-collision domain wall does not enter the
light cone. Here, all of the observers in the congruence
appear to make it to timelike infinity just as in the case
where the bubble interior remains undisturbed. In this
case, we might define what is meant by a translation
inside the collision region as taking a boosted trajec-
tory to an unboosted one, in exact analogy with the
case where the observation bubble can be foliated by an
FLRW patch. This suggests that even including the ef-
fect of the large boost necessary to go into the observer
frame for them, the set of observers that record early-
time collisions in this case may remain intact. This is
because we can extend the null cone bounding the open
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slicing region of the observation bubble to define a null
cone that is never crossed by the domain wall, and the
lack of such intersections is boost-invariant.
C. Potential observables
Having established that early-time and late-time colli-
sions, as well as the nearly percolating collisions, appear
to allow observers to their future in at least some cases,
we now discuss the potential observable signatures from
such events, though it is not the focus of the present pa-
per. Generically, the collision will form a disc on the
observer’s sky, the boundary of which corresponds to the
intersection of the null shell with some spacelike hyper-
surface to the past that represents the cosmological time
from which the observer is receiving the radiation seen.
Therefore, one important signature of a single bubble col-
lision (or multiple bubble collisions from the same direc-
tion) is azimuthal symmetry about some direction on the
sky (as previously noted in [2]). The angular size of this
disc will typically be small for late time collisions, of or-
der pi/4 for the nearly percolating collisions (as discussed
in Appendix C), and nearly 2pi for early time collisions.
What sort of effects might a collision produce inside the
disk? As discussed in the text, although z is continuous
across the null shell, x is not. There is thus an effective
“time dilation” in the future light cone of the collision,
and as we follow the null surface towards increasing z,
integrating ds2 = 0 in Eq. 23 shows that the disconti-
nuity in x is log divergent. If we imagine a field (which
we are assuming here does not significantly backreact on
the geometry, as say during slow-roll where the vacuum
energy is nearly constant) inside the bubble rolling down
from its (potentially different) value at the location of the
post-collision and observation bubble domain wall, then
the field will be effectively desynchronized across the null
interface. The patch of the sky containing the collision
will therefore have retarded field evolution as compared
to the field history at other angles, or possibly corre-
spond to an entirely different history of field evolution
altogether. Because of this discontinuity, field gradients
are also likely be very large along the boundary of the
affected region on the sky. Several other possible obser-
vational signatures have been discussed in some detail in
Ref. [24]. Any of these types of signal are likely to be
observable only when the angular scale encompassed by
the collision is rather large, as in the nearly percolating
and early time collision types.
VI. CONCLUSIONS
In a previous work (AJS [23]) we investigated the cir-
cumstances under which an observer in a “bubble uni-
verse”, formed via a first-order phase transition in the
inflaton field, could have the impacts of other such bub-
bles within that observer’s past lightcone. Here, we have
computed exact solutions modeling bubble collisions in
the limit of a perfectly thin wall and strictly constant vac-
uum energy. While this simplified model leaves a number
of questions unanswered, our calculations provide a num-
ber of useful results, several of them quite favorable for
the prospect of observing bubble collisions. Our chief
conclusions are:
• Using the symmetries of the bubbles and their colli-
sions, as well as the ability to boost between frames
in a way that is largely defined in terms of boosts in
an embedding Minkowski space, the model bubble
collision can be completely specified using ten pa-
rameters. Six of these (vacuum energies of the bub-
bles and false vacuum, and tensions in the bubble
walls and in the domain wall connecting them) are
determined by the inflaton potential. This leaves
a boost parameter, the invariant separation ηC be-
tween bubble nucleation centers, and two mass pa-
rameters. In Appendix B, we calculate the distribu-
tion of ηC , finding that for a given class of observers
it peaks at a preferred separation, which may then
be assumed as generic for bubble collisions of that
class. The distribution of boost parameters was
effectively derived in AJS.
• Within this construction, we have found that there
are many solutions in which the observation frame
is well defined, i.e. where the domain wall between
the colliding bubbles accelerates away from, and
does not impact, the observer. These solutions are
specified by the condition Eq. 39.
• Collisions may come in to the observer’s past light-
cone at any cosmological time if the nucleation rate
is rather high (of order the rate necessary for bubble
percolation). If it is somewhat lower a “late”-time
observer may or may not see bubbles, depending
on the assumed cosmology inside of the observa-
tion bubble, as discussed in Appendix C. In ei-
ther case, we have provided criteria for whether the
post-collision domain wall (if one exists) accelerates
toward or away from such an observer. If towards,
the wall impact is very likely fatal, so combined
with the results of AJS, this could be used to con-
strain (via our observed continued survival) mod-
els with a relatively high nucleation rate (given by
Eq. C24). If away, potentially observable signatures
of the bubbles could be used to rule out or confirm
models with similarly high nucleation rates.
• Bubbles that enter the observer’s lightcone at early
times might be seen by essentially all observers
might see – even for a tiny nucleation rate – pro-
vided those observers survive the collisions. The
key question is to what degree the domain wall pen-
etrates the observation bubble, and how large the
gravitational distortions are. We have provided two
results regarding this issue. First, we have shown
that it is possible to construct solutions where the
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post-collision domain wall separating the interiors
of two colliding bubbles monotonically moves away
from the interior of the observation bubble, and
even solutions for which the domain wall never en-
ters the null cone emanating from the nucleation
center of the observation bubble. Second, we have
derived a simple scaling relation, Eq. 58, for the
mass parameter describing the distortion of the ge-
ometry to the future of the collision event. This
distortion cannot be made arbitrarily small in this
class of collision spacetimes, and will generally cor-
respond to a shell of radiation which has an energy
density set by the false vacuum Hubble parameter.
There are several clear directions for further research
on the problem. First, numerical simulations of bubble
collisions can be used to both test the validity of the
approximations used here, and also assess the detailed
dynamics of the collision and the post-collision region.
Second, our results suggest that some collisions might be
mild for all bubble observers, even those highly boosted
with respect to the steady-state frame, for whom early-
time, large-angular-scale collisions should be common. A
perturbative treatment of an observation bubble with a
fluctuation on the wall can be used to both assess whether
this is indeed the case, and also potentially translate the
collision effects into CMB and other observables. Both
approaches are underway and should provide vital insight
into whether we might have direct observational evidence
that our universe is undergoing eternal inflation.
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APPENDIX A: HYPERBOLIC SPACETIMES
In this appendix, we discuss some of the properties
of metrics possessing hyperbolic symmetry. The general
form of such metrics in the presence of a cosmological
constant (using a version of Birkhoff’s theorem [26]) is
ds2 = −a(z)−1dz2 + a(z)dx2 + z2dH22 (A1)
where dH22 is given by
dH22 = dχ
2 + sinh2 χdφ2, (A2)
and in general we have
a = 1− 2M
z
+H2z2. (A3)
One important consequence of this close relationship with
spherically symmetric spacetimes is that no gravitational
radiation can be produced if the O(2,1) invariance is
maintained [26].
Solving a = 0 for the location of any killing horizons
that might exist, there are two qualitatively different
cases. When H2 ≥ 0, there is one horizon as shown
in the left panel of Fig. 8, which grows with M . When
H2 < 0, the situation is different: there are z =const.
killing horizons at positive z for both positive and nega-
tive mass parameter as shown in the right panel of Fig. 8.
There is both an inner and outer horizon for M > 0, ex-
cept in the “extremal” case where M = (3
√
3|H |)−1 and
the two horizons are degenerate (for more details, see
Ref. [25]). When M < 0, there is only one horizon.
Returning to the metric, we see that forM 6= 0 there is
a curvature singularity at z = 0. This singularity is time-
like in all cases except when H2 < 0 and M < 0, where
it is spacelike. We can represent the global structure of
these spacetimes by drawing their hyperbolic conformal
diagrams (each point on the diagram corresponds to an
H2) as shown in Fig. 9. These conformal diagrams can be
obtained from the well-known causal structure of spheri-
cally symmetric spacetimes with a cosmological constant
(see eg [43]) by taking H2 → −H2 and rotating the di-
agram by 90 degrees [26] (taking spacelike surfaces into
timelike surfaces).
A useful tool for constructing the global structure of
collision spacetimes is the sign of x˙ (see Eq. 26) along a
domain wall. In spacetimes with a horizon, the direction
of increasing x changes (with surfaces of constant x going
from spacelike to timelike or vice verse) as indicated by
the arrows in Fig. 9. A trajectory drawn on the conformal
diagram must pass through the appropriate regions, for
example, if we found a solution in HS with x˙ > 0 and
z < zH for some range in z, then the trajectory must pass
through the left wedge. The direction of the outward
normal is fixed by the choice of sign in Eq. 26, and in our
conventions points towards larger |x|.
APPENDIX B: DISTRIBUTION OF
NUCLEATION CENTERS
We saw in Sec. III C that the de Sitter invariant dis-
tance between nucleation centers is the sole kinematical
variable in a collision between two bubbles that is not
fixed by the micro-physics. In [44], a probability dis-
tribution for the dS-invariant distance between collision
centers in the steady-state frame was derived. We ex-
amine this distribution for bubbles that satisfy the addi-
tional constraint of nucleating inside the past light cone
of an observer, which is clearly the appropriate measure
for potentially observable collisions. We will find that
the distribution is peaked in different positions for the
early- and late-time collision types. This most probable
separation of the nucleation centers can then be used to
specify the kinematics for a typical collision event.
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HSdS HSAdS
FIG. 8: The location of the horizon(s) in Hyperbolic SdS (left) and Hyperbolic SAdS (right) as a function of mass (with both
quantities scaled to H−1).
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FIG. 9: The conformal structure of all spacetimes with a
mass parameter and cosmological constant possessing hyper-
bolic symmetry including: Hyperbolic Minkowski (HM), Hy-
perbolic Schwarzschild (HS), Hyperbolic de Sitter (HdS), Hy-
perbolic Schwarzschild de Sitter (HSdS), Hyperbolic Anti de
Sitter (HAdS), and Hyperbolic Schwarzschild Anti de Sitter
(HSAdS). Each point on the diagram represents an H2. All
singularities are timelike, except for the case of SAdS with
M < 0. The circulating arrows denote the direction of in-
creasing x on each diagram.
We begin with the differential number of bubbles nu-
cleated in a parcel of 4-volume from AJS (which contains
a similar calculation and to which we refer the reader for
more details on the method):
dN = λdV4 = λH
−4
F
sin2 ηn
cos4 Tn
dTndηnd(cos θn)dφn. (B1)
If the nucleation rate is sufficiently small (if we are in
the regime of eternal inflation [AJS]), then we can ne-
glect corrections due to the volume removed by individ-
ual bubble nucleation events [44]. We will also make the
approximation in this section that the observation bub-
ble nucleates with zero radius (so that the bubble wall is
a light cone; this is accurate under the conditions given
by Eq. 15), and that the observation bubble interior is
unaffected by collisions.
Using the analysis of Sec. III C, we note that a measure
of the proper distance between the nucleation center of
the observation bubble and a spacelike separated point
is just its position (ηC , TC = 0) in the collision frame.
Returning to the observation frame leaves the quantity
I =
cos η
cosT
= cos ηC (B2)
invariant since X4 (see Eq. 8) does not change upon
transforming between the observation and collision
frames in this case. Changing variables in Eq. B1 from η
to ηC then yields
dN = −λH−4F sin ηC
(
1− cos2 ηC cos2 T
)1/2
cos3 T
× dTdηCd(cos θ)dφ. (B3)
Integrating T along a surface of constant ηC gives the
differential number of bubbles centered on an angular
position (θ, φ) seen by the observer which nucleated at
a de Sitter invariant distance ηC from the observation
bubble:
dN
dηCd(cos θ)dφ
= −λH−4F sin ηC (B4)
×
∫ TF
Ti
dT
(
1− cos2 ηC cos2 T
)1/2
cos3 T
.
The lower limit of integration is determined by the in-
tersection of the initial value surface with the surfaces
of constant ηC . Since we are working in the observa-
tion frame, the initial value surface will in general have
angular dependence parametrized by [AJS]:
sinT = −
(
cos η
γo
+ βo sin η cos θ
)
. (B5)
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The upper limit of integration is given by the intersection
between the past light cone of the observer and the sur-
faces of constant ηC . The past light cone of the observer
is specified by Tco, the global slicing time at which the
light cone intersects the observation bubble wall. Match-
ing the interior FLRW across the wall yields [AJS]
Tco = arctan
[
HF lim
τ→0
a(τ) sinh
(∫ τo
τ
dτ/a(τ)
)]
. (B6)
Integrating Eq. B4, we are interested in a variety of
limits. Sampling observers at open-slicing position ξo = 0
will yield the separation distribution for late-time colli-
sions only. As we discuss in Appendix C, the value of
Tco corresponding to a given observer depends on the as-
sumed cosmology inside of the bubble. If there is a non-
zero late-time vacuum energy inside of the bubble, then
there will be a maximum value of Tco < pi/2. Sampling
observers at large-ξo and small τo (Tco → pi/2) will yield
the separation distribution for early-time collisions. Be-
cause nearly all collisions in this frame come at early cos-
mological time, this distribution is relatively insensitive
to the assumed cosmology inside of the bubble. Starting
with the late-time collisions, since the initial value surface
has no angular dependence, the distribution is isotropic.
The normalized distribution (the probability of a given
separation given that nucleation events do occur) as a
function of ηC for various Tco is shown in Fig. 10. As
Tco → pi/2, corresponding to an observer at τo →∞ in a
universe with no late-time vacuum energy, the distribu-
tion approaches the result of Ref. [44]:
lim
Tco→pi/2
dPlate
dηCd(cos θ)dφ
=
3
8
sin ηC (1 + cos ηC)
2
(B7)
The maximum of this distribution is located at ηC =
cos−1(2/3). Note that unless Tco = pi/2, not all invariant
separations can be sampled by the observer. When there
is a late-time vacuum energy inside of the bubble, since
Tco asymptotes to a value less than pi/2, observers at rest
with respect to the steady state frame will only see colli-
sions at a separation less than some value determined by
the precise cosmology inside of the bubble, as described
below in Appendix C.
The normalized distribution for the early-time large-
scale collisions is shown for various ξo in Fig. 11. At
large-ξo, the maximum approaches ηC = pi/2 (at θo = 0),
which is different than the most probable separation for
the late-time small-scale collisions. In addition, the dis-
tribution will have angular dependence due to the dis-
torted initial value surface. This is shown in Fig. 12.
APPENDIX C: COSMOLOGY AND HAT SIZING
OF BUBBLES
The number of collisions in an observer’s past light
cone is determined by the quantity Tco, Eq. B6 , which
is the closed slicing time (as defined by the background
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FIG. 10: The normalized distribution of bubble separations
in the collision frame for late-time small-scale collisions for
Tco = (pi/4, 3pi/8, pi/2) (blue solid, red dashed, green dot-
dashed).
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FIG. 11: The distribution of bubble separations in the colli-
sion frame for early-time large-scale collisions at Tco = pi/8
and θo = 0 for ξo = (.5, 5, 50) (blue solid, red dashed, green
dot-dashed).
eternally inflating de Sitter space) at the intersection of
the observer’s past light cone and the bubble wall. In
AJS, this quantity was calculated under the assumption
that the bubble interior was pure vacuum. However, in-
cluding a more realistic cosmology inside of the bubble is
clearly in order both to more precisely determine the ex-
pected number of collisions in our past light cone, and to
determine the conformal structure of an arbitrary bubble
universe (i.e., determine the size of the “hat” on a con-
formal diagram, as we describe below). In this appendix
we find the expected number of late-time collisions for
an arbitrary cosmology inside of the bubble. (We also
note the paper of Ref. [42], previously unknown to us,
which calculated the expected number of late time col-
lisions; our calculation is a generalization of this.) We
find (consistent with the results of [42]) that inflation in-
side the bubble is crucial, and that the assumption made
by AJS that the bubble cosmological time determines
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FIG. 12: The distribution of bubble separations in the colli-
sion frame for early-time large-scale collisions at Tco = pi/8
and ξo = 50 for θo = (0, 1, 2) (blue solid, red dashed, green
dot-dashed).
the expected number of late-time collisions is incorrect.
Instead, the expected number of collisions at asymptot-
ically late times for an arbitrary cosmology is generally
determined both by the vacuum energy on either side
of the bubble wall and the minimal value of the density
parameter Ω; for our observed universe the latter depen-
dence is negligible. Given this, we provide a bound on
the nucleation rate λ necessary to see (or not see) late-
time bubble collisions, and comment on the angular scale
that such collisions would take up on the sky.
The cosmological evolution inside of the future light
cone of the nucleation center can be described by the
metric Eq. 9 with spacelike constant density hyperboloids
ds2 = −dτ2 + a(τ)2 [dξ2 + sinh2 ξdΩ22] . (C1)
We will assume the following evolution of the scale factor
a = aI = H
−1
I sinh(HIτ), 0 < τ < τI
a = aw, τI < τ < τΛ
a = aΛ = a(τΛ) exp[HΛ(τ − τΛ)], τΛ < τ <∞.(C2)
That is, we have a period of curvature domination (for
τ <∼ H−1I ), followed by a period of inflation at a scale fixed
by HI . After inflation end at time τI , we allow for any
number of epochs dominated by various components of
the energy density characterized by an equation of state
p = wρ (with an instantaneous transition between each
epoch), followed by late-time vacuum energy domination.
The current epoch in our universe will be denoted by τo.
Decomposing the integral in Eq. B6 into terms for the
pre- and post-inflationary evolution
∫ τo
τ
dτ/a(τ) =
∫ τI
τ
dτ/aI(τ) +
∫ τo
τI
dτ/a(τ), (C3)
and expanding Tco, we obtain
Tco = arctan
[
HF lim
τ→0
a(τ) (C4)[
sinh
(∫ τI
τ
dτ/aI(τ)
)
cosh
(∫ τo
τI
dτ/a(τ)
)
+cosh
(∫ τI
τ
dτ/aI(τ)
)
sinh
(∫ τo
τI
dτ/a(τ)
)]]
.
Taking the limit as τ → 0 will only involve the terms
depending on aI , and we have that
lim
τ→0
aI sinh
(∫ τI
τ
dτ/aI(τ)
)
= H−1I tanh(HIτI/2)
lim
τ→0
aI cosh
(∫ τI
τ
dτ/aI(τ)
)
= H−1I tanh(HIτI/2).
Using this in Eq. C4 gives
Tco = arctan
[
HF
HI
tanh
(
HIτI
2
)
exp
(∫ τo
τI
dτ/a(τ)
)]
.
(C5)
The integral in the argument of the exponential (which
we will denote by I) can be split into two terms, repre-
senting the two qualitatively different post-inflationary
epochs of Eq. C2
I =
∫ τΛ
τI
dτ
aw
+
∫ τo
τΛ
dτ
aΛ
. (C6)
Concentrating on the first integral, let Ξ(τi) =∫ τi
0
dτ ′/a(τ ′) be conformal time (where dΞ = dτ/a(t)),
so that 12 ∫ τΛ
τI
dτ
aw
= Ξ(τΛ)− Ξ(τI). (C7)
For any epoch lasting many Hubble times during which
the equation of state is p = wρ, with w 6= −1/3 (we
will treat a possible epoch of curvature domination be-
low), we have (ρ(τi)/ρ(τj)) = (a(τi)/a(τj))
−3(1+w) and
a(τi)/a(τj) = (Ξ(τi)/Ξ(τj))
2/(3w+1). Combining these
gives
a(τi)
2ρ(τi)
a(τj)2ρ(τj)
=
(
Ξ(τj)
Ξ(τi)
)2
. (C8)
Using the Friedmann Equation,
Ω−1 − 1 = 3
8piGρa2
, (C9)
12 Technically, we should restrict our attention to w > −1/3 so that
Ξ is finite, but the relations presented below will still be valid
if they are assumed to represent the integral evaluated at the
upper limit alone and w 6= −1/3.
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we see that
Ξ(τi)
Ξ(τj)
=
(
Ω(τi)
−1 − 1)1/2
(Ω(τj)−1 − 1)1/2
, (C10)
as long as Ω is not much less than one, which yields
∫ τΛ
τI
dτ
aw
= Ξ(τI)
[(
Ω(τΛ)
−1 − 1)1/2
(Ω(τI)−1 − 1)1/2
− 1
]
. (C11)
Comparing aH with Ξ for a scale factor a ∝ τ2/3(1+w)
we can express Ξ(τI) as
Ξ(τI) =
2
1 + 3w
(1− Ω(τI))1/2 , (C12)
where the normalization is defined by the epoch immedi-
ately following inflation (via the value of w). This yields∫ τΛ
τI
dτ
aw
=
2
1 + 3w
Ω(τI)
1/2 (C13)
×
[(
Ω(τΛ)
−1 − 1)1/2 − (Ω(τI)−1 − 1)1/2] .
From Eq. C9, we have
Ω(τI)
−1 − 1 = 3H
2
I
8piGρI sinh
2HIτI
≈ e
−2Ne
4
, (C14)
where Ne = HIτI is the number of inflationary efold-
ings. Assuming an appreciable number of efoldings, if
w < −1/3, then Ω(τΛ) > Ω(τI) and the integral will be
vanishingly small. If w > −1/3, then Ω(τΛ) < Ω(τI), and
assuming an appreciable number of efolds, we obtain∫ τΛ
τI
dτ
aw
≃ 2
1 + 3w
(
Ω(τΛ)
−1 − 1)1/2 . (C15)
This expression is valid only while the curvature is not
a significant component of the energy density (Ω is close
to one), and we conclude that this contribution to I is
necessarily small. However, if there is a period of cur-
vature domination during some part of the cosmological
evolution, say between τc > τI and τΛ, then we have
a ∝ τ , which from the Friedmann equation yields (again,
assuming an instantaneous transition between the vari-
ous epochs)
τΛ
τc
=
[
(Ω(τΛ)
−1 − 1)
(Ω(τc)−1 − 1)
]1/(1+3w)
(C16)
where w is defined by the component which was dominant
before curvature. The contribution to the integral I is
given by
∫ τΛ
τc
dτ
a−1/3(τ)
=
2(1− Ω(τc))1/2
(1 + w)(1 + 3w)
log
[
(Ω(τΛ)
−1 − 1)
(Ω(τc)−1 − 1)
]
(C17)
which grows logarithmically for w > −1/3 as Ω(τΛ)→ 0,
and remains small if w < −1/3 since Ω(τΛ) → 1 in this
case.
We now turn to the second integral in Eq. C6, which
after substituting with aΛ from Eq. C2, becomes∫ τo
τΛ
dτ
aΛ
= (1− Ω(τΛ))1/2
[
1− e−HΛ(τo−τΛ)
]
. (C18)
Allowing τo →∞, the integral Eq. C6 becomes
I = 2
1 + 3w
(
Ω(τc)
−1 − 1)1/2
+
2(1− Ω(τc))1/2
(1 + w)(1 + 3w)
log
[
(Ω(τΛ)
−1 − 1)
(Ω(τc)−1 − 1)
]
+(1− Ω(τΛ))1/2 (C19)
Because Ω → 1 during the epoch of late-time vacuum
energy, Ω(τΛ) is a minimum. It is this minimal value of
Ω that determines the size of I, which can be large only
when there is a contribution from the term correspond-
ing to a period of curvature domination before late-time
vacuum energy domination. This has not happened in
our universe, but we can determine whether it does in a
more general model. Curvature domination occurs when
ρ ∼ 3/8piGa2, (C20)
and setting this to be the late-time vacuum energy gives
H2Λ ∼ a−2 ≈
(
HΛ
Heq
)4/3(
Heq
HI
)
a−2I , (C21)
yielding
HΛ ∼ H−1/2eq H3/2I e−3Ne, (C22)
where ‘eq’ refers to the matter-radiation equality time.
Bubbles with vacuum energy larger than this will never
see any significant enhancement of I. We can use the
value of Tco, Eq. C5, to draw the conformal structure of
a one-bubble spacetime more precisely: by following a
null line from Tco into the bubble, we can determine the
height of the “hat” protruding above future infinity of the
background de Sitter spacetime. Note that because the
late time vacuum energy enters in Tco only indirectly (by
determining the minimal value of Ω) a smaller vacuum
energy does not necessarily guarantee a larger hat.
Returning to Eq. C5, we can now discuss the impli-
cations for observing late-time collisions. The relevant
four-volume for bubble nucleation in the past light cone
of an observer at rest with respect to the steady-state
frame is (see Ref. [22] and [AJS] for the relevant formu-
lae)
V4 =
4pi
3
H−4F
[
tan2 Tco + 2 log (1 + tanTco)
]
=
4pi
3H2FH
2
I
[
tanh2
(
HIτI
2
)
e2I (C23)
+
2H2I
H2F
log
(
1 +
HF
HI
tanh
(
HIτI
2
)
eI
)]
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which reduces to the case presented in AJS when HF ≫
HI and I → 0, corresponding to a bubble filled with
vacuum energy for all time. In our universe, we have
I ≃ 0 since current cosmological data favors a universe
where Ω ≃ 1, implying that Tco ≃ arctan(HF /HI). To
expect at least one collision in our past light cone, the
nucleation probability must satisfy
λH−4F >
3
4pi
(
H2F
H2I
+ 2 log
[
1 +
HF
HI
])−1
, (C24)
which almost saturates the bound for eternal inflation
unless HF is significantly larger than HI ; note that in
this case collisions would enter the observer’s lightcone
during the bubble’s inflation epoch and so is “late time”
only relative to H−1F .
Additional insight can be gleaned using the rate dN/dτ
of such incoming bubbles. Using Eq. C23,
dN
dτ
=
λdV4
dτ
= λ
dV4
dI
dI
dτ
≃ 2
(
4piλ
3H4F
)(
HF
HI
)2
e2I
dI
dτ
,
assumingHIτI >∼ 1 andHF >∼ HI . As noted above, I ≃ 0
unless Ω ≪ 1, and from its definition, dI/dτ = 1/a.
Thus
dN
dτ
≈ 2
(
4piλ
3H4F
)(
HF
HI
)2
a−1.
From this we see that of order λH−4F (HF /HI)
2 bubbles
enter the lightcone during the first few efolds of inflation;
thereafter the rate declines exponentially. At late times,
from the Hubble equation, 1/a ∼ H(Ω−1 − 1)1/2 prior
to Λ-domination, so even with the nucleation rate near
saturation, bubbles (or their causal effects) will collide
with a late-time observer more than once per Hubble
time only to the degree that (1−Ω)1/4 exceeds HI/HF .
In terms of size on the sky, the expected angular scale
of a collision is governed by the probability distributions
derived in AJS, and is determined by Tco. For Tco ∼ pi/4,
the maximum of the distribution (which is rather wide)
is located at ψm ≃ .75. The maximum falls to an angular
scale of one degree when Tco ≃ pi/2− x with x = .05.
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